Independent Events

Two definitions of independence

» Def.l
— Two events, A and B are said to be
independent if P(ACB)=P(A)P(B)
 Def. 2
— Two events, A and B are said to be
independent if P(A/B)=P(A)
» Note that they are algebraically equivalent

_P(AGB) _ P(A)P(B)
P(A/B) = B - P
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Intuitive meaning of independence

* P(A/ B) = P(A)
— Knowledge of B is irrelevant to A
« P(Thunder/lightning) * P(Thunder)
« P(Face coinl/Face coin2)= P(Face coinl)

— Sample space of A does not change if B has happened.

« For instance a sample space generated by the
cartesian product of two sets.

W, ={A.A,-A}

W2 :{Bl,Bz,mBm}

W=W,"W,

w={AB, AB, - AB,, A B} 2

Intuitive meaning of independence

+ Sample space of Adoes not change if B has
happened.

— Sample space generated by the cartesian product of two

sets. P(arB)=P(A)
W W, W=W'W, | P(ACB)=P(AHB)
pA) =1
A B AB; P(AB) =—
AnooE "
: AB, p(Bl) :F,]
. AZBI «— 1
A, B, : P(A/B) ==
AB, '

Explaination of dependent events

by means of the sample space
» Sample space of Adoes change if B has
happened. Eliminate possibilities

P(A/B) ZP(A)
W W, Wy P(ACB)AP(A A(B)

Pw==
B AB, =1

A o : P(AB)=——
A 2 1
: : B, pP@) ==
— m

A B, zl p(A/B)=—

AB,

Explaination of dependent events

by means of the sample space
* Sample space of Adoes change if B has
happened.
— Eliminated possibilities
— Preferencial Attatchment

Model 1 of the problem
Al=Rain,A2=Sun
shine

Mud@%ﬂh‘l‘!@'ﬂ?foblem

Al=Rain,A2=Sun shine
B1=Dressed with a rain coat

1
B‘ B = [ P(AcB)APA )P(B)
AZ . .7
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Intuitive meaning of independence

¢ Another case: Proportion of the sample space of
A does not change if B has happened
» Note: the condition is algebraic, not physical

o s P(GW/ S)= P(SW)
P(SIW/SQ=-$=%V\§)S)
P(szlw/s»:%:—”?,(“s‘j)sz) 3

P(SIW) =P(S)P(SIW' S,) +P(S)P(Siw' §)

Independence by inclusion
Operations
Implication ®  Inclusion ®
* Preposition
— Ifit rains, Il bring the umbrella
* Sets R

- A:‘{It rains}, B={Bring umbrella}

* Probabilities
— P(B/IA)=P(B)
— P(B/NotA)= /£
Propositions® Relations between objects ® Numbers s

Condition]

Intuitive meaning of independence

« Proportion of the sample space of A
does not change if B has happened
« Note: the condition is algebraic, not physical
P(W)=TotalArea =1
P(A) _ YellowArea
Total Area
_ BlueArea
( )_TotaIArea

) _ Green Area _ YellowArea
BlueArea  Total Area
P(A/B)=P(A) 0

P(A/ B

Application to Scale Free objects

» Application to fractal images and objects.
— Sierpinski triangle

AGES A

P(W) =TotalArea =1
_ YelowArea S
PlA)= TotalArea
P( B): BlueArea
TotalArea
P(A/ B) - GreenArea_ YellowArea
BlueArea TotalAres,

PAB=HA
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Application to Scale Free objects

« Application to fractal images and objects.

hitpilenwikipedia.orghvikiFractals

P(N =TotalArea=1
YelowArea

PA= TotelArea
BlueArea

PE) " TodArea

P(A/B) _Gen Ara_YdlonArea
“BueAea  TodAren,

FlavE)=P(y =

Application to Scale Free objects

» Application to internet traffic.
A={ g% chengein thetreffic}

B, ={time scaler montt} . '-"'l';ll.ﬂ'll-'!-'_-l|: i |-, vy ’I..:'-: o .

B ={timescale cay} = i~

B, ={imescale hour} i e -
={timescde ¥ Mo

Aetimessesrd o) ) e

P(A)=P(A/B) el

e e L i S




Application to Scale Free objects
¢ Flips of coins. 10.000 vs. 1.000.000

W, ={set of allpossi bl eesult$n10.000lipsof a coir}
W, ={setof all possi bl eesultsn1.000.00G!ipsof acoir}
A={Fractionof Time oneplayeriswinning
B ={Scaleof theexperiment

P(A) = p(A/B)
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Application to Scale Free objects

» One way of creating Scale free objects, is
by means of an exponencial grow

Pt
o
—

O
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Application to Scale Free objects

Prefencial connexions (road to the nearest neighbour) vs.
indifferent conexions (can fly anywhere)

o . W ={A, A A
= " . W,=(8,B,,B,}
-4 " W:W' W2

W:{ABJABZIM%FMAWBM}

P(K ~keo W ={A, A--A}
W,={B,B,,B,}

Bk}

: W= W W,
< w={AB,AB,--AB,AB}

Similarities between natural graphs

* Semantic map vs. Physical connections in
internet

AlbertLaszI6 Barabisi

Examples of Scale Free in biology

Broccoli Eucalyptus Tree

o]
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Relation between independence
and disjoint condition
* Independence does not imply disjointness
— Condition of indepence P(AC B) = P(A)P(B)

— Condition of disjointness ACB=0

* In probabilities means;
P(AEB)=P(A)+P(B)- @

P(AE B) = P(A) + P(B)

» What does P(ACB)=P(A)P(B)=0 mean?
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Relation between independence
and disjoint condition
e What does P(ACB)=P(A)P(B)=0 mean?

{- >

P( £ B)=P (A+P(B P(A& B

Eliminated

possibilities .

Preferencial L W, WEW, W .

Attatchment G P(A) ==

A B, AB P(AB)=——

Model 1 of the problem A B, : m

Al=Rain,A2=Sun shine K . : AB, (B) ==

B1=Thunder : AB, 1
Model 2 of the problem A, B, P(AIB) ==

Al=Rain,A2=Sun shine AB, " 19

Bl=Dressed with a rain coat

Probability of the intersection of a
set of independent events.
* Probability of the union of independent
events W={A, A

o A)
» Formally the union of all the elements,
consists on the event:

— E={Simultaneously of the elements of the set
appear}

PIAGAC-GA)=OPA)
* Note: =
Propositions® Relations between objects® Numbers
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When intersection of sets corresonds to
multiplication of probabilities?

PAGA,CGA)=OP(A)

Propositions® Relations between objects ® Numbers

Logic = OR MPLICATION}
Sets= {UNIO OMPLEMENTINCLUSION}
Sets={ SUMIFULTIPLICATIONEONDITIONING (p(/))}
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Probability of getting at least one
event of a set of independent events

* Probability of the union of independent
events W={A,A,-A}

» Formally the union of all the elements,
consists on the event:

— E={At least one of the elements of the set
appear}

— E={Not a single element of the set appears }
» Which is equivalent to E:{W_ E}
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Probability of getting at least one
event of a set of independent events
* Probability of the union of independent

events W={A,A, A}
E=EA

i E={At least one of the elements of the set appear.

n —
E: %(W—A ) E={Not a single element of the set appears }

Example 1

* A web page has two kind links. {A,B}

» M different users select randomly and
independently of each other one of the
links.

» What is the probability that at a link of kind
A is visited least once?

— For instance: Web based bookshop that also
has CD, DVD, second hand books.
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Example 1

» A web page has two kind links. {A,B}
» Sample space of the links

n
W, ={A, A, A} P(A):m
W, ={B,B,,-B,}

P(E) =n+m

» Possible choises of the M users
Possibleof choices=({A, ORB;},{A, ORB.,},

{A, ORB,,})

Number of choices = 2 g 2 e 2 =2
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Example 1

 Probability of a given selection:

M- L
& n 053 m Q
P AND A AND B AND B -
(A, A, A W) = S

n
P(A =
n+m

* What is the probability that at a link of kind
A is visited least once?

P({Atleast an A}) =1- P({All B})=1-§
e
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Example 1
« What is the probability that at a link of kind

A is visited least 0NCe? pyatteasian A= 1. Pasy=1 qLe

Py A M m=10 n=3 | PA)= | 08
o4 |p@)= | 04
054
o784

n
P(A)=
nem

016666667 | P(@)= | 02
0.30555556

P(B) =—
o m

04212963

051774691
059812243

08704

092224
0.953344

066510200

072001835
0.76743196

+mg

Example 2

» Another way of deriving the formula:

P({Atlesstan A}) = 1- PAIl B})=1- g“i‘_’

» Throw a coin N times, what is the
probability that heads occur on at least
one trial?

H = — P({Headsat least inonetrial}) = p+q2p+qp---+ qM'lp:le:—qul- q¥
i [ -q
: g=== How?
5 27 28
Example 2 Example 2

e Throw a coin N times, what is the probability
that heads occur on at least one trial?

A ={First Head occursin the trial numberi}
A ={(i - 1Tails followed by aHead) E (then anything else}
2

P(A) =" p+ P({then anythingelse}) =¢'*p
P({ Headsat least in onetrial})= P(A E A ---E AM)=§ A

i=1

P({ Headsat least in onetrial}) = p+ G p +¢'p--+q"*p= pd

* P({then anything else})?

Caseof 3
P({thenanythingelsd) = ppp

(a+b)? *‘+3ab2 bs—%J:a +: 2b+g :ab2 %3%3

{aab aba,bag}

(p+a) =

pPg+pgp+qgpp+qqp+apg+ pgqq+qqq




Example 2

Applications of the formula:

P({Atleast an A}) =1- P({All B}):l-éelQM
en+mg
Carl Sagan an the probability of inteligent
life in our galaxy
Saddam’s ‘Plebicito’ with a 99.9% of
approval
Other ‘plebicito’s’ and elections
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